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A model for multiple repeated loading and unloading of an elastic–plastic sphere and a rigid ﬂat is presented to cover a
wide range of loading conditions far beyond the elastic limit. The sphere material is modeled as elastic linear isotropic
hardening and follows the von Mises yield criterion. It is shown that although most of the plastic deformation occurs dur-
ing the ﬁrst loading, secondary plastic ﬂow may evolve during the ﬁrst unloading. The occurrence of this secondary plastic
ﬂow depends on the level of ﬁrst loading and is strongly aﬀected by the Poisson’s ratio and material hardening. The region
of secondary plastic ﬂow may propagate during the very ﬁrst loading–unloading cycles, reaching a steady state after which
the following loading–unloading cycles become fully elastic.
 2006 Elsevier Ltd. All rights reserved.
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Repeated loading–unloading of an elastic–plastic sphere contacting a rigid ﬂat is a fundamental and com-
plicated physical problem. It is found in various applications such as contact resistance in MEMS micro
switches (Majumder et al., 2001, 2003), head–disk interaction in magnetic storage systems (Peng and Bhushan,
2003), and ultrasonic interfacial stiﬀness measurements (Kim et al., 2004) to name just a few. A solution of this
problem can also be useful for rough surfaces wear studies (Kapoor et al., 2002) and for contact shakedown in
various rolling elements, see e.g. a review by Williams et al. (1999). This review relates to problems where the
elastic limit is not greatly exceeded, and hence the contact is assumed Hertzian. The importance of repeated
loading–unloading in rolling contacts is evidenced from the numerous publications on this subject, e.g.
Merwin and Johnson (1963), Bhargava et al. (1985), Kulkarni et al. (1990), and Yu et al. (1996). In all these
works, Hertzian or modiﬁed Hertzian pressure distributions are assumed even for elastic–plastic contacts. This
may be far from reality as was shown, for example, by Kogut and Etsion (2002).0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Kral et al. (1993) and Kogut and Komvopoulos (2004), which is applicable in hardness measurements. The
main diﬀerence however, between this problem and that of a deformable sphere contacting a rigid ﬂat is that
in the former the deformed material in the indented zone is constrained to some extent by its surrounding elas-
tic bulk, while the deformable sphere is free of such constraint. Repeated random impacts of hard erodent
particles on a softer surface can be a reason of erosive wear in ductile materials. This process too can be sim-
ulated as a multiple loading of a soft ﬂat by rigid spheres. Such wear mechanism was studied by Kapoor and
Johnson (1995) and Kapoor (1999) using a kinematical shakedown theorem.
A detailed review of repeated loading of an elastic–plastic half-space can be found in Williams et al. (1999).
Repeated loading, protective residual stresses and shakedown theory applied to tribology studies are pre-
sented. This work discusses frictionless and friction rolling and sliding contacts; inﬂuence of strain hardening
on shakedown limits and the eﬀects of non-uniform properties; materials behavior beyond the shakedown
limit. Both upper and lower shakedown theorems with Hertzian contact loading are applied to calculate
shakedown limits. The shakedown map for Coulomb friction contacts is presented.
Recently, Etsion et al. (2005) and then Jackson et al. (2005) analyzed diﬀerent aspects of single unloading of
an elastic–plastic loaded sphere in contact with a rigid ﬂat for a wide range of sphere material properties and
radii. While the ﬁrst paper is devoted mainly to residual deformations the second one concentrated on residual
stresses for spheres that were loaded up to 500 times the critical load at plastic yield inception. It was found
that, depending on the maximum external load, plastic zones may remain locked inside the sphere upon com-
pletion of the single unloading process.
Our purpose in the present paper is to extend the two previous studies to the yet missing, more important,
solution of multiple loading–unloading of elastic plastic spherical contact.
2. The multiple loading–unloading contact model
A schematic representation of the contact problem is shown in Fig. 1. A compliant hemisphere of an ori-
ginal un-deformed radius R comes into contact with a rigid ﬂat surface. The problem is axisymmetric (2D)
about the z-axis. The boundary conditions are applied by constraints in the vertical direction at the hemi-
sphere base and in the radial direction at its z-axis. The spherical surface is free elsewhere except from the axial
constriction enforced by the contacting rigid ﬂat. The contact is assumed frictionless (perfect slip condition).
The dashed and solid horizontal lines in Fig. 1 show the rigid ﬂat positions before and after loading, respec-
tively. The interference, x, and contact area with a radius, a (see 1), correspond to an external normal load, P,
applied to the contact.
We assume that the contact interference, x, is much smaller than the un-deformed sphere radius, R
(x R), but larger than the critical interference xc at the inception of plastic deformation (Chang et al.,
1987).P ω
r
z
a
Fig. 1. Schematic model of the contact problem.
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Brizmer et al., in press):xc ¼ Cm pð1 m
2Þ
2
Y 0
E
  2
R ð1Þand the corresponding critical load Pc at this interference isP c ¼ 4
3
ER1=2x3=2c ð2Þwhere Y0 is the virgin material yield strength. The coeﬃcient, Cm, is related to the Poisson ratio, m, of the sphere
by Brizmer et al. (in press) Cm = 1.234 + 1.256m; and E*, is the Hertz elastic modulus (see, e.g. Etsion et al.,
2005) in the form:E ¼ E
1 m2 ð3Þwhere E is the Young modulus of the sphere material.
A full elastic–plastic loading–unloading cycle consists of two stages (see Etsion et al., 2005). In the ﬁrst one
the sphere is gradually loaded by the rigid ﬂat to a dimensionless interference xmax/xc that yields a desired
dimensionless loading Pmax/Pc (it was shown by Kogut and Etsion (2002) that normalizing the various param-
eters by their critical values at yielding inception is an eﬃcient way to obtain generalized results). A plastic zone
evolves in the contact region inside the hemisphere where the equivalent von Mises stresses exceed the elastic
limit. Strain hardening takes place and these plastic zones gain strength relative to the virgin material yield
strength Y0. The second stage consists of the unloading process, where the interference, x, is gradually reduced.
When the unloading process is completed, the contact load, and contact radius fall to zero. However, the ori-
ginal un-deformed spherical geometry is not fully recovered (Etsion et al., 2005). Residual stresses and strains
remain locked in, and result in a deformed shape of the unloaded sphere. The equivalent von Mises stresses in
certain zones can increase rather than decrease during the unloading stage and even exceed the elastic limit.
Hence, during the unloading stage a propagation of plastic zones with further strain hardening may evolve.
This loading–unloading cycle, to the same Pmax/Pc, value can be repeated several times to study the eﬀect of
number of loading–unloading cycles on the evolution of hardening which eventually may lead to a new elastic
state.
3. The ﬁnite elements model
The response of an elastic–plastic material to repeated loading–unloading is a complicated problem. In
order to avoid oversimpliﬁcations a ﬁnite elements method (FEM) with a commercial ANSYS 8.0 package
(ANSYS Inc., USA) was used to solve the load–unload contact problem. The model shown in Fig. 1 had a
ﬁnite element mesh that consisted of 1920 six-node triangular axisymmetrical (ring-shape) elements (Plane2),
comprising a total of 3987 nodes. The sphere was divided into four diﬀerent mesh density zones where zones I–
III were within 0.01R, 0.05R, and 0.1R distance, respectively, from the sphere tip and zone IV, outside the
0.1R distance. Each of the four zones contained the same number of elements hence, zone I had the ﬁnest mesh
and all zones had gradual coarser mesh at increasing distance from the sphere tip. The sphere surface consisted
of contact elements (Conta172) that matched the size of the elements in zones I–IV. The material of the sphere
was assumed elastic linear isotropic hardening with a tangent modulus ET that was selected as 2% of the
Young modulus E, which is an upper limit of many practical materials, see e.g. Carmichael (1955). This linear
isotropic hardening signiﬁcantly improves convergence compared to an elastic perfectly plastic material with-
out causing much change in the results. Hence, it allows comparison with previous analyses, e.g. Jackson and
Green (2005), at a much reduced computational cost. The rigid ﬂat was modeled by a single, non-ﬂexible two-
node target surface element (Targe169). The von Mises yielding criterion was used to detect local transition
from elastic to plastic deformation, the Hooke and the Prandtl–Reuss constitutive laws governed the
stress–strain state in the elastic and plastic zones, respectively. In order to allow large interferences up to
x/xc = 150, a non-linear ﬁnite deformation deﬁnition (NLGEOM command) corresponding to Lagrangian
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algorithm was tested ﬁrst against the Hertz analytical solution for x/xc < 1 and the correlation was within 5%
error. Another check was made at high values of interference, up to x/xc = 150 (external load up to
P/Pc = 750), by increasing the number of elements and ensuring convergence of the results within a pre-
selected small tolerance. It should be noted here that a much larger number of elements than the 1920 that
we used, are reported in the literature as a requirement for good convergence and accuracy. Jackson and
Green (2005), for example, needed 11,101 eight-node rectangular elements in their study. It seems that this
point needs some clariﬁcation. Our results correlated well, for the loading stage, with these in Kogut and
Etsion (2002) where only 225 eight-node quadrilateral axisymmetric elements were used, and an elastic per-
fectly plastic material was considered. The results in Jackson and Green (2005), for their part, were also found
in good agreement with Kogut and Etsion (2002). Hence, the convergence and accuracy of the present solution
is convincingly reliable. The typical computation time for one loading–unloading cycle with our model is
about 1 min for small interferences (x/xc 6 20) and about 5 min for large interferences on a 0.8 GHz PC.
The very good convergence over the full range of relevant x/xc values with a much smaller number of ele-
ments compared to that in Jackson and Green (2005) is mainly due to the selection of an optimal size of
the smallest element that, following many trials, was found to be of the order of 100xc (see Eq. (1)). Finally
the use of rectangular eight-node elements as in Jackson and Green (2005) is inferior to our triangular six-node
elements when incompressible material like perfectly plastic one is considered (see e.g. Zienkiewicz and Taylor,
2000; Gresho et al., 1998) and thus may require a larger number of elements for acceptable convergence in
large x/xc values.
4. Discussion of the numerical results
A typical example was selected to demonstrate the evolution of stresses inside the elastic plastic sphere with
the loading unloading cycles. The sphere material had a virgin yield strength Y0 = 210 MPa, a modulus of
elasticity E = 200 GPa, and a Poisson’s ratio m = 0.32, which are typical of a wide range of low carbon steels.
It should be noted however, that by normalizing the contact parameters by their corresponding critical values
at yield inception, the dimensionless solution becomes independent of the ratio Y0/E (see e.g., Etsion et al.,
2005). Hence, by presenting the results for x/xc or P/Pc the dimensionless solution is universal.
Figs. 2–5 present, in a dimensionless format, the evolution of the equivalent von Mises (VM) stress, req/Y0,
distribution inside the sphere within a small region close to the contact interface that has a depth and a radial
extent both of 0.1R. Fig. 2 shows the dimensionless req/Y0 distribution in this contact region after the ﬁrstFig. 2. Dimensionless equivalent von Mises stress, req/Y0, distribution after the ﬁrst loading to Pmax/Pc = 750.
Fig. 3. Dimensionless equivalent von Mises stress, req/Y0, distribution after the ﬁrst unloading from Pmax/Pc = 750.
Fig. 4. Dimensionless equivalent von Mises stress, req/Y0, distribution after the second loading to Pmax/Pc = 750.
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plastic core is located beneath the contact close to the sphere axis of symmetry. This plastic volume extends
radially to about r/R = 0.065 and, as a result of strain hardening, has equivalent VM stresses above the virgin
yield stress. Another small volume with high req/Y0 of 0.95 can be observed at the periphery of the contact
zone (see dashed frame). At the completion of the ﬁrst unloading (Fig. 3) the residual equivalent VM stresses
in the loaded plastic volume shown in Fig. 2 decrease below the virgin yield stress. However, the peripheral
zone mentioned above and shown in the dashed frame experiences an increase of the equivalent VM stresses
that even exceed the virgin yield strength Y0. It is clear from Figs. 2 and 3 that the ﬁrst unloading is inelastic.
Fig. 4 shows the req/Y0 distribution after second loading to the same Pmax/Pc = 750 as in the ﬁrst loading.
Note the smaller stresses in the dashed frame as compared to those after the ﬁrst loading shown in Fig. 2.
Clearly, the residual stresses in this peripheral zone after the ﬁrst unloading (see Fig. 3) are protective in
the sense that when superimposed with the second loading stresses result in lower req values. Upon completion
of the second unloading (see Fig. 5) the equivalent VM stress distribution becomes identical to that after the
Fig. 5. Dimensionless equivalent von Mises stress, req/Y0, distribution after the second unloading from Pmax/Pc = 750.
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result is probably due to the assumption of isotropic hardening. In reality the secondary plastic ﬂow process
may continue with subsequent cyclic loading unloading, due to a kinematic hardening element of the material.
This however, is outside the scope of the present analysis.
Fig. 6 describes in dimensionless format a typical elastic–plastic behavior during several loading–unloading
cycles at a single representing point inside the peripheral zone (shown in the dashed frame in Figs. 2–5) that
experienced secondary plastic ﬂow upon the ﬁrst unloading. The coordinates of this point are z/R = 8 · 104
and r/R = 0.04 so this point is located outside the contact area under external loading Pmax 6 750Pc and inside
the contact area at higher maximum loading. The dimensionless VM stress req/Y0 is presented as a function of
the incremental dimensionless external load P/Pc for two diﬀerent loading levels of 200Pc and 450Pc, respec-
tively. When the maximum external load is 200Pc the VM stress reaches 0.35Y0 and during the ﬁrst unloading
it increases up to 0.55Y0. Upon the second loading the VM stress falls back to 0.35Y0 and follows exactly the
ﬁrst unloading path. In this case the ﬁrst unloading is reversible and the second loading is a fully elastic pro-
cess. On the other hand when the maximum external load is 450Pc the VM stress reaches 0.85Y0 and upon
unloading exceeds the virgin yield strength. The increase in req inside the relevant peripheral zone during0
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et al., 2005) that is posed by the plastic core that was formed during the ﬁrst loading.
The evolution of hardening within the sphere during the ﬁrst loading–unloading cycle is demonstrated in
Figs. 7 and 8. The results are presented in dimensionless format of iso-strength lines Y/Y0 where Y is the local
new yield strength following local hardening. As can be seen from these ﬁgures there is a slight additional
hardening during the ﬁrst unloading compared to the ﬁrst loading. This slight change in the local yield
strength is conﬁned to the peripheral zone (in the dashed frame) only where secondary plastic ﬂow occurred
during the unloading. Subsequent loading unloading cycles did not cause further hardening and the strength
distribution, Y/Y0, remained identical to that shown in Fig. 8.
Further numerical simulations over a range of material properties showed that the typical behavior pre-
sented in Figs. 2–8 is independent of the ratio E/Y0. The Poisson’s ratio m, and the tangent modulus ratio
ET/E however, have a signiﬁcant eﬀect on the incipient interference xi below which the secondary plastic ﬂow
in the peripheral zone does not occur (in this case the ﬁrst unloading is reversible, see Etsion et al., 2005).Fig. 7. Dimensionless yield strength, Y/Y0, distribution after the ﬁrst loading to xmax/xc = 150.
Fig. 8. Dimensionless yield strength, Y/Y0, distribution after the ﬁrst unloading from xmax/xc = 150.
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increases the ratio xi/xc increases too. The reason for this behavior is not clear yet and further study is needed
(note that the range of m < 0.2 is impractical for ductile materials and is presented only as a general trend). A
similar increase in xi/xc is shown in Fig. 10 when the material hardening ratio ET/E is increased. In this case
the reason for higher xi/xc is that higher hardening results in lower residual strains and hence, less resistance
to full recovery of the original spherical shape. Indeed at the ﬁctitious limit of ET/E = 1 the material behavior
is ‘‘perfectly elastic’’. Note that in most practical materials ET/E is usually below 0.02 and hence, the results
shown in Fig. 10 for higher values are mainly of academic interest.
5. Conclusion
Multiple loading–unloading of an elastic–plastic spherical contact was analyzed for a range of material
properties and linear isotropic hardening. It was found that the residual VM equivalent stress in a circumfer-
ential region close to the edge of the contact area increases during ﬁrst unloading, in agreement with the ﬁnd-
ing of Jackson et al. (2005). When the maximum loading interference exceeds a certain incipient value,
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virgin yield strength of the sphere material, hardening takes place and the ﬁrst unloading becomes irreversible.
A somewhat unexpected result is that even in this later case the second, as well as subsequent loading unload-
ing cycles, are elastic throughout the entire range of Pmax 6 750Pc. This may be attributed to the assumed
idealized fully isotropic hardening model. A more realistic hardening model that includes both isotropic
and kinematic elements is required for future analyses. The incipient interference for secondary plastic ﬂow
was found to be independent of the ratio E/Y0 but signiﬁcantly aﬀected by both the Poisson’s ratio and
the level of hardening expressed by the tangential modulus ratio ET/E. Increase of these two later parameters
result in growing incipient interference. While the eﬀect of the hardening on the incipient interference is
expected, further study is required to understand the eﬀect of the Poisson’s ratio.
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